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1. Introduction 
The purpose of this note is to study actions of topological groups on finite 
T0-spaces. A number of rather surprising results hold in equivariant homotopy 
theory for finite T0-spaces and, for example, one has 
Proposition. If X is a contractible finite To-space with G action, then X is 
equivariantly contractible. 
Proposition. If X and Y are finite To-spaces with G action and [:X--~ Y is an 
equivariant map which is a homotopy equivalence, then [ is an equivariant 
homotopy equivalence. 
Of course, a finite T0-space is just a finite partially ordered set, so that these are 
results about finite posets with group action. The space is contractible precisely 
when the poset is dismantlable. 
My interest in these problems was inspired by the paper of Quillen [3] who 
used homotopy methods to study the p-subgroups of a finite group G. In order to 
do this, he always replaces finite spaces by simplicial complexes, and by McCord 
[2], he is therefore studying the weak homotopy theory. It was then reasonable to 
consider Quillen's situation using the actual finite spaces. 
For a finite group G one lets Sp(G) and Ap(G) be the spaces of nontrivial 
p-subgroups and elementary abelian p-subgroups, topologized using the partial 
order given by inclusion. One lets G act on these spaces by conjugation. One then 
obtains the following two propositions. 
Proposition. If Ap(G) is contractible, then G has a nontrivial normal p-subgroup. 
Proposaion. Sp(G) is contractible if and only if G has a nontrivial normal 
p-subgroup. 
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Warning. This does not settle QuiUen's conjecture 2.9, which can be rephrased: If 
ISp(G)I is contractible, then Sp(G) is contractible. 
2. Finite spaces 
In order to study finite spaces, and particularly their homotopy theory, one may 
use the results of [4]. 
If (X, ~Y) is a finite topological space, one defines a quasi-ordering on X by 
saying x ~< y if x belongs to every open set which contains y. The quasi-ordering 
completely describes the topology, for a set A c X is open if and only if a • A and 
b ~< a implies that b • A. The space X is To if and only if x ~< y and y ~< x implies 
x = y, (<~ is a partial order). 
If X and Y are finite spaces, a function f :X  ~ Y is continuous if and only if 
x ~<x' implies f(x)<-f(x').  One gives the set yX of continuous functions from X 
to Y a partial ordering by f<~g if f(x)<~g(x) for all x making yx  into a finite 
space. One observes that if f ~< g, then f is homotopic to g, with a homotopy being 
given by 
i f  t<l ,  
H:X×[0 ,  1]----> Y:H(x ,  t) = [g(x) if t= 1. 
One recalls [4, §4] that x • X is linear if there is a y > x so that z > x implies 
z ~> y, and that x • X is colinear if there is a y < x so that z < x implies z ~< y. A 
space is called a core if it has no points which are either linear or colinear, and a 
core of the space X is a strong deformation retract of X which is a core. (The 
crucial property of a core is that a map homotopic to the identity is the identity.) 
Lemms. Let X be a finite To-space with an action of the group G. There is a 
subspace F c X invariant under the action of O which is an equivariant strong 
deformation retract of X and which is a core. 
Proof. If x • X is linear, with y > x so that z > x implies z I> y, then y is unique 
since X is To, and for any g • (9, gx is linear with gy > gx being the associated 
point. Let f :  X ~ X-  Gx map X into the complement of the orbit Gx by f (z)  = z 
for z •X-Gx  and if z = gx, let f ( z )= gy. f is then a G-equivariant map, 
f~>identity and the homotopy previously described gives an equivariant strong 
deformation retraction of X to the subspace X-Gx.  
A similar argument may be used to remove orbits of colinear points. Iteration 
of these constructions must eventually produce a subspace of X with the desired 
properties. []  
Pmposi l lon. I f  X is a finite To-space with O action which is contractible then X is 
equivariantly contractible. 
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Proof. Let r:X---> F be an equivariant strong deformation retraction with F a 
core. Then F is contractible, and being a core, F is a single point. Thus r is the 
desired equivariant contraction. [ ]  
Corollary. I f  X is a contractible finite To-space, there is a point x ~ X fixed by every 
homeomorphism of X. 
Proof. The group G = Homeo(X) acts on X and there is a point in X which is an 
equivariant strong deformation retract. [ ]  
Proposition. I f  X and Y are finite To-spaces with G action and f :X---> Y is an 
equivariant map which is a homotopy equivalence, then f is an equivariant 
homotopy equivalence. 
Proof. Let rx : X---> Fx, rv : Y---> Fv be the equivariant strong deformation retrac- 
tions onto cores, with ix, iy the inclusions. Let h:Fx---> Fv be the composite 
i X f ry  
Fx > X > Y > Fy. 
Then h is equivariant and a homotopy equivalence. If p : Fy --~ Fx is a homotopy 
inverse for h, p o h - identity and h o p - identity implies that p o h and h ° p are the 
identity maps, hence h is a homeomorphism and p is its inverse which must then 
be equivariant. One then has an equivariant map q : Y---> X given by the compo- 
site 
ry  p i X 
Y >icy >Fx >X. 
Then q of = q ofoidentityx is equivariantly homotopic to 
qofoixorx = ixopohorx = ixorx 
which is equivariantly homotopic to the identity, and foq=ident i tyyofoq is
equivariantly homotopic to 
i yoryo foq  = iyohopory  = iyory  
which is equivariantly homotopic to the identity. Thus f is an equivariant 
homotopy equivalence and q is the appropriate inverse. []  
Notes.  (1 )The  To-hypothesis is absolutely essential. If one takes X to be 
{1, 2 . . . . .  n} with the indiscrete topology, the symmetric group on n-letters ~, 
acts on X by permutation. X is contractible, but it is not equivariantly contracti- 
ble for no point is fixed by X,. The crucial step is that linear points x are uniquely 
covered in To spaces. 
(2) The topology of G plays no role in this because the group of homeomorph- 
isms of a To space is discrete and finite. Thus the action of G factors through a 
discrete, finite quotient. 
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(3) For complexes with an action of a compact Lie group, an equivariant map 
which is a homotopy equivalence on the fixed sets of all subgroups is an 
equivariant homotopy equivalence. (See [1]). Thus, the situation for finite T0- 
spaces is much nicer. 
3. Spaces of subgroups 
Let G be a finite group. Following Quillen [3], one lets Sp(G) be the set of 
nontrivial p-subgroups of G (i.e. not the unit subgroup) and lets Ap(G) be the set 
of nontrivial elementary abelian p-subgroups, where p is a fixed prime. One gives 
these the partial order x ~< y if x is a subgroup of y, making Sp(G) and Ap(G) into 
finite T0-spaces. One lets G acts on these spaces by letting gx denote the 
subgroup gxg -1. 
]Proposition. Sp(G) is contractible if and only if G has a nontrival normal 
p-subgroup. 
Proot. If Sp(G) is contractible, it is equivariantly contractible as G-space," and 
hence the fixed point set of the G action (i.e. the set of normal p-subgroups) is
contractible and so nonempty. Conversely, if N~{1} is a normal p-subgroup of G, 
then/ :Sp(G) ~ Sp(G) with [(x)= x • N = subgroup generated by x and N and 
h:Sp(G)---~Sp(G) with h(x)=N are continuous maps with f~>identity, f~>h. 
Thus, the identity is homotopic to h and Sp(G) is contractible. (The latter half of 
the argument is lines 3-5 on page 106 of [3].) [] 
Note. If N~{1} is a normal p-subgroup of G, then the contraction of Sp(G) 
described is actually an equivariant contraction. Further, letting /V be the in- 
tersection of the Sylow p-subgroups of G, N c/V is nontrivial. The corresponding 
retraction for/V is an equivariant contraction for the action of Homeo(Sp(G)). 
Proposition. I[ Ap(G) is contractible, then G has a nontrivial normal p-subgroup, 
and Sp(G) is contractible. 
Proof. Ap(G) is equivariantly contractible, so G fixes some point. [] 
Unfortunately, the methods used by Quillen do not carry over to finite 
T0-spaces but actually require that one pass to the associated simplicial complex. 
In particular, Proposition 1.6 of [3] does not work for genuine homotopy 
equivalences. One could exhibit an example, but by implication it suffices to show 
Observation. For G=Z5,  the symmetric group on five letters, A2(G) is not 
homotopy equivalent to S2(G). 
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Proof. The Sylow 2-subgroups of 2~5 are dihedral groups of order 8 and the 
2-subgroups of 2~5 belong to six conjugacy classes: 
(1) the dihedral groups D8, 
(2) the cyclic groups Z4, 
(3) groups Z2 x Z~ = (1, (ab)(cd), (ac)(bd), (ad)(bc)), 
(4) groups 7-.2 x Z2 = (1, (ab), (cd), (ab)(cd)), 
(5) the cyclic groups Z2 with generator (ab)(cd), and 
(6) the cyclic groups Z2 with generator (ab). 
If one considers A2(2~5), each Z2 × Z2 contains 3 subgroups Z2, each Z2 of type 5 
is contained in one Z2 x Z2 of type 3 and one Z2 x Z2 of type 4 and each Z2 of 
type 6 is contained in 3 Z2 × Z2 subgroups of type 4. Thus A2(,~5) is a core and is 
not homotopy equivalent to any space having less points. 
In order to analyze the homotopy type of S2(2~5), one has 
Lemma. Sp(G) contains the subset consisting of intersections of Sylow p-subgroups 
as an equivariant strong deformation retract. 
Proof. F: Sp(G) --~ Sp(G) sending x to the intersection of the Sylow p-subgroups 
containing x is continuous, equivariant, and f~>identity. [] 
One then observes that the intersections of Sylow 2 subgroups of Z5 are the 
dihedral groups Ds of type 1, the subgroups Z2 x Z2 of type 3, and the subgroups 
Z2 of type 6. Thus $2(,~5) is homotopy equivalent to a subspace having less points 
than does A2(,~5). Hence, A2(,~5) and $2(-~5) are not homotopy equivalent. (In 
fact, the intersections of Sylow 2-subgroups i a core for $2(,~5).) [] 
Notes. (1) Lemma 2.2 of [3] actually proves that if P is a p-group, then Ap(P) is 
contractible. For the inclusion i : A2(,~5) ~ $2(,~5) each set i/y = {x [ i(x) ~ y} is 
then genuinely contractible, but i is only a weak homotopy equivalence and not a 
homotopy equivalence. Thus, Proposition 1.6 cannot be improved. 
(2) It would be interesting to know whether Sp(G) being contractible implies 
that Ap(G) is contractible. 
(3) If the Sylow p-subgroup of G is abelian, then /:Sp(G)--->Sp(G) with 
f (x )={g~x[g"=l}  is continuous, equivariant, and /~<identity giving an 
equivariant homotopy equivalence Ap(G)= Sp(G). Of course, this also works if 
the Sylow p-subgroup of G has the property that any two elements of order p 
commute, and there are nonabelian p-groups with that property. 
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